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Abstract. A topological space X is called hereditarily supercompact if each closed subspace of X is 
supercompact. By a combined result of Bula, Nikiel, Tuncali, Tymchatyn, and Rudin, each mono- 
tonically normal compact Hausdorff space is hereditarily supercompact. A dyadic compact space is 
hereditarily supercompact if and only if it is metrizable. Under (MA+^CH) each separable heredi- 
tarily supercompact space is hereditarily separable and hereditarily Lindelof. This implies that under 
(MA+^CH) a scattered compact space is metrizable if and only if it is separable and hereditarily su- 
percompact. The hereditary supercompactness is not productive: the product [0, 1] x aD of the closed 
interval and the one-point compactification aD of a discrete space D of cardinality \D\ > non(M) is 
not hereditarily supercompact (but is Rosenthal compact and uniform Eberlein compact). Moreover, 
under the assumption cof(A / () = ui\ the space [0, 1] x aD contains a closed subspace X which is first 
countable and hereditarily paracompact but not supercompact. 
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1. Introduction 



This paper is devoted to studying hereditarily supercompact spaces. By definition, a topological 
space X is hereditarily supercompact if each closed subspace Z of X is supercompact. 

We recall that a topological space X is called supercompact if it has a subbase of the topology such 
that each cover of X by elements of this subbase has a two element subcover. By the Alexander 
Lemma (see e. g. [HI 3.12.2 (a)]), each supercompact space is compact. The theory of supercompact 
. spaces was intensively developed in 70-90-ies of XX century, see [3], [5], [7J, [2], [H], [TB], [21] . 

According to a result of Strok and Szymanski [21], each compact metrizable space is supercompact. 
Alternative proofs of this important results were given by van Douwen [8] , Mills [16] and D§bski [7J . 
The most general result in this direction was obtained by Bula, Nikiel, Tuncali, Tymchatyn [5] and 
Rudin [19] who proved that each monotonically normal compact space is supercompact and hence 
hereditarily supercompact. On the other hand, a dyadic compact space (in particular, a Tychonoff 
or Cantor cube) is hereditarily supercompact if and only if it is metrizable, see Theorem 12.91 In 
Corollary 12.81 we prove that under (MA+- >CH), each separable hereditarily supercompact space is 
hereditarily separable and hereditarily Lindelof. This implies that under (MA+- iCH) a scattered 
compact space is metrizable if and only if separable and hereditarily supercompact. 

In this paper we present several constructions of hereditarily supercompact spaces and shall prove 
that the hereditary supercompactness is not productive: the closed interval [0, 1] and the one-point 
compactification aD of a discrete space D of cardinality \D\ > non(A^) > are hereditarily su- 
percompact but their product [0, 1] x aD is not. Here non(A4) denotes the smallest cardinality of a 
non-meager subset of the real line. Under certain Set-Theoretic Assumptions (namely, cof(Al) = cj{), 
the product [0, 1] x aD contains a closed subspace X which is first countable, hereditarily paracompact, 
but not supercompact. Being a closed subspace of [0, 1] x aD, the space X is uniform Eberlein and 
Rosenthal compact. 

2. Some properties of hereditarily supercompact spaces 

In this section we study on the interplay between the class of hereditary supercompact spaces and 
other classes of compact spaces and present several constructions preserving the hereditary supercom- 
pactness. All topological spaces considered in this paper are regular and hence Hausdorff. For a subset 
A of a topological space X by cl(A) and Int(A) we shall denote the closure and interior of A in X, 
respectively. By [X] <a; we shall denote the family of all non-empty finite subsets of a set X. 
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To detect supercompact spaces we shall apply a characterization of the supercompactness in terms 
of binary closed /c-networks. 

We recall that a family K, of subsets of a topological space X is called 

• linked if A n B ^ for any subsets A,B G /C; 

• binary if each finite linked subfamily C C JC has non-empty intersection p| C ^ 0; 

• a k-network if for each open set [/CI and a compact subset X C U there is a finite subfamily 
T C /C such that K C (J J" C f7; 

• a closed k-network if /C is a /c-network consisting of closed subsets of X. 

To detect closed fc-networks we shall apply the following simple lemma. 

Lemma 2.1. A family K, of closed subsets of compact space X is a k-network in X if and only if 
for each point x G X and its neighborhood U C X there is a finite subfamily T C K, such that 
x G IntflJ J 7 ) C |J JC [/ and x G cl(Int(F)) for all F G T. 

Proof. The "if" part is trivial. To prove the "only if" part, assume that K, is a /c-network in X. Let us 
fix a point x € X and its neighbourhood U. By the regularity of X there is an open set V such that 
x G V C cl V C [7. The family /C, being a /c-network, contains a finite subfamily J 7 C K, such that 
cl V C |J J 7 C {/. In the family T consider the subfamily T x = {F G T : x G cl(Int(i 7 '))} and observe 
that the set V x = V \ Uf<ef\t x cl(Int(i ? )) is an open neighborhood of x. It remains to prove that 
V x C U-^ir- Assuming the opposite, we would conclude that the open set = V x \ (J JF^ is non-empty. 
Since WcV x CVc\^jF, for some set F G J 7 \ T x the intersection i 71 n W has non-empty interior in 
W, which implies that the sets W C V x meet the interior of F. But this contradicts the choice of the 
set V x . □ 

The following characterization of supercompactness is well-known for specialists. We present the 
proof for convenience of the reader. 

Theorem 2.2. A compact Hausdorff space X is supercompact if and only if it possesses a binary 
closed k-network. 

Proof. To prove the "if" part, assume that a compact space X possesses a binary closed /c-network KL. 
Then binary property of K, implies that the family {X \K : K G AT} is open subbase in X witnessing 
that the compact space X is supercompact. 

To prove the "only if" part, assume that the space X is supercompact. Then there is a subbase 
B of the topology of X such that each cover of X by elements of the subbase contains a two-element 
subcover. Without loss of generality, the family B is stable under unions. It follows that the family 
/C = {X \ U : U G B} is a binary subbase for closed sets, stable under intersections. It remains to 
check that this family is a /c-network for X. Fix a compact set K in X and an open neighborhood U 
of K in X. By the compactness there is a finite family {A\, . . . ,Ai} consisting of finite unions A{ of 
elements of fC, such that K C A\ Pi • • • Pi Ai C U. It remains observe that the set A\ n • • • fl A\ is a 
finite union of elements of /C because fC is stable under intersections. □ 

Supercompact spaces have the following property established by M. Bell [3j. 

Theorem 2.3 (Bell). If a space X is a continuous image of a supercompact space, then for each open 
dense subset (JCI the complement X \ U has density d(X \ U) < nw(U) < \U\. 

In this theorem nw(U) stands for the network weight of U. The best known positive result on hered- 
itarily supercompact spaces can be derived combining the results of Bula, Nikiel, Tuncali, Tymchatyn 
[5] and Rudin [19] on monotonically normal compact spaces. 

We recall that a topological space X is called monotonically normal if there is an operator G 
assigning to each pair (A, B) of disjoint closed subsets of X an open set G(A, B) C X such that 

• Ac G(A, B) C cl G(A, B) C X\B; 

• G(A, B) C G(A',B') for any pairs (A,B), {A',B') of disjoint closed sets with A C A' and 
B' C B. 
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By a deep result of M. E. Rudin |19] . a compact space is monotonically normal if and only if it is a 
continuous image of a linearly ordered compact space. Another deep result of Bula, Nikiel, Tuncali and 
Tymchatyn [5] says that each continuous image of a linearly ordered compact space is supercompact. 
Combining these two results, we get the following theorem. 

Theorem 2.4. Each monotonically normal compact space is hereditarily supercompact. □ 

It is known (see [17j . |19j ) that each monotonically normal space X is sub-hereditarily separable in 
the sense that each separable subspace of X is hereditarily separable. Sub-hereditarily separable spaces 
were introduced and studied by D. Daniel and M. Tuncali in [6]. The sub-hereditary separability of 
monotonically normal spaces and Theorem 12.41 motivate the following: 

Problem 2.5. Is each hereditarily supercompact space sub-hereditarily separable? 

We shall give an affirmative answer to this problem under the Set-Theoretic assumption uj\ < p. 
Here p is the smallest cardinality of a base of a free filter J 7 on a countable set X, which has no infinite 
pseudo-intersection. An infinite subset / C X is called a pseudo-intersection of the filter T is / \ F is 
finite for each set F € T . The following lemma follows directly from the definition of the cardinal p, 
see P §6]. 

Lemma 2.6. Let A be a countable subset of a topological space X . If a point a € cl A has character 
x(a,X) < p in X then a is the limit of some sequence {a n } new C A. 

Theorem 2.7. Under u)\ < p each hereditarily supercompact space is sub-hereditarily separable. 

Proof. Given a hereditarily supercompact space X, we need to check that each separable subspace 
Z of X is hereditarily separable. Assume conversely that Z is not hereditarily separable. Then Z 
contains a transfinite sequence (z a ) a<UJl which is left separated in the sense that for every ordinal 
a < U)i the point z a does not belong to the closure clZ a of the set Z a = {zp}p <a in X. Consider the 
closure cl Z of Z in X and take any map / : cl Z — > Y onto a compact space Y of weight uj\ such that 
f(z a ) ^ f(clZ a ) for all a < uj\. It follows that the transfinite sequence of points y a = f(z a ), a < oj\, 
is left separated and hence the space Y is not hereditarily separable. On the other hand, the space 
Y is separable (being the continuous image of the separable space clZ). So, we can find a countable 
dense subset Q C Y. Since the compact space Y is not hereditarily separable, it contains a closed 
non-separable subspace F C Y according to [JTJ 3.12.9(d)]. Replacing F by the closure of the set 
F \ cl(F n Q), we can assume that the set F n Q is nowhere dense in F and in Y . Then the countable 
set Q \ F is dense in Y. Replacing Q by Q \ F, we can assume that F n Q = 0. 

Let exp(y) be the space of all non-empty closed subsets of Y, endowed with the Vietoris topology. 
The density of Q in Y implies that the countable set [Q] <w of all non-empty finite subsets of Q is 
dense in the hyperspace exp(Y~). Since exp(Y~) has weight oj\ < p, Lemma 12.61 yields a sequence 
F-n £ [Q] <a \ n S u), of finite subsets of Q, which converges to F in the Vietoris topology of exp(Y~). 
Then K = F U \J n€uJ F n is a compact subset of Y and \J n£LU F n = K \ F is a countable dense open 
subset of K. 

Since the space X is hereditarily supercompact, the preimage f~ l (K) C c\Z is supercompact and 
hence K is a continuous image of a supercompact space. By Bell's Theorem 12.31 the closed subset 
F = K \ \J n£uJ F n is separable, which is a desired contradiction. □ 

Corollary 2.8. Under (MA+- iCH) each separable hereditarily supercompact space is hereditarily sep- 
arable and hereditarily Lindeldf. 

Proof. It is well-known that (MA+— iCH) implies u)\ < p = c. By Theorem 12.71 each separable heredi- 
tarily supercompact space X is hereditarily separable. By a result of Szentmiklossy [22] (see also [TBI 
6.4]), under (MA+- iCH) each compact hereditarily separable space is hereditarily Lindelof. So, X is 
hereditarily Lindelof. □ 

In the class of dyadic compacta the hereditary supercompactness is equivalent to the metrizability. 
Let us recall that a compact space X is dyadic if A is a continuous image of the Cantor cube {0, 1} K 
for some cardinal k. 
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Theorem 2.9. A dyadic compact space is metrizable if and only if it is hereditarily supercompact. 

Proof. By a result of Gerlits [12] or Efimov |10] , each non- metrizable dyadic compact space X contains 
a topological copy of the Cantor cube 2 aJ1 . By [HI Sec. 1.1], there exists a scattered compact space Z 
of weight cji, which is not supercompact. Being zero-dimensional, the space Z embeds into the Cantor 
cube 2 Ul and hence embeds into the dyadic compact space X. Now we see that the space X contains 
a non-supercompact closed subspace and hence is not hereditarily supercompact. □ 

Now we present one construction preserving hereditarily supercompact spaces. 

Proposition 2.10. For any (hereditarily) supercompact spaces Xi, i € I, the one-point compactifica- 
tion aX of the topological sum X = © ieI Xi is (hereditarily) supercompact. 

Proof. For every i £ /, fix a binary closed /c-network /Q on the space JQ. Then 



is a binary closed A;- network witnessing that the space aX is supercompact. 

Now assuming that each space Xi, i £ /, is hereditarily supercompact, we shall show that so is 
the space aX. Fix any closed subset Y C aX and for every i G I consider the supercompact space 
Yi = Y PI Xi. If the compactifying point oo of aX does not belong to Y, then all but finitely many 
spaces Yi are empty and Y is supercompact, being a disjoint union of a finite family of supercompact 
spaces. If oo E Y, then Y is supercompact, being the one-point compactification of the topological 
sum ® ieJ Yi of supercompact spaces Yi, i £ I. □ 

Corollary 2.11. The one-point compactification aD of any discrete space D is hereditarily supercom- 
pact. 

A topological space X is called hereditarily paracompact if each subspace of X is paracompact. In pQ 
it was proved that the class of scattered compact hereditarily paracompact spaces coincides with the 
smallest topological class A which contains the singleton and is closed with respect to taking the one- 
point compactification of a topological sum © ig j Xi of spaces from the class A. This characterization 
combined with Proposition 12. 101 implies: 

Corollary 2.12. Each scattered compact hereditarily paracompact space is hereditarily supercompact. 

The characterization of scattered hereditarily paracompact spaces given in [1] implies the following 
metrizability criterion: 

Corollary 2.13. A scattered compact space is metrizable if and only if it is separable and hereditarily 
paracompact. 

The preceding two corollaries motivate the following problem. 

Problem 2.14. 7s each separable scattered hereditarily supercompact space metrizable? 

This problem has an affirmative solution under (MA+- 'CH), which follows from Corollary 12.81 and 
the metrizability of hereditarily Lindelof (and hence first countable) scattered compact spaces [20] : 

Theorem 2.15. Under (MA+- iCH) a scattered compact space is metrizable if and only if it is separable 
and hereditarily supercompact. 

In ZFC we can prove the metrizability of scattered supercompact spaces which have countable 
scattered height. The scattered height of a scattered space X is defined as follows. For a subset A C X 
denote by A^ the set of all non-isolated points of A. Let X^ = X and for each ordinal a define the 
a-th derived set X^ of X by the recursive formula 



K = {aX \ © Xi : F € [/]<"} U (J ie j£i 



i&F 




I3<a 

The scattered height of X is the smallest ordinal a for which the a-th derived set X^ is empty. 
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For a topological space A by [X] <u we denote the space of all non-empty finite subsets of X endowed 
with the Vietoris topology. It is well-known that for a metrizable space X the hyperspace [A] <tJ is 
metrizable. We recall that a topological space X has countable tightness if for any subset iCI and 
a point a € c\A in its closure there is a countable subset B C A with a € clS. 

Proposition 2.16. ^4 scattered compact space X is metrizable if and only if 

(1) X is separable, 

(2) X has countable scattered height or [X] <ul has countable tightness, 

(3) X is a continuous image of a supercompact space. 

Proof. If a scattered compact space X is metrizable, then it is countable and hence is separable and has 
countable scattered height. Moreover, the hyperspace exp(A) is metrizable and hence [A] <w C exp(A) 
is metrizable and has countable tightness. By Strok-Szymanski Theorem |21j . the metrizable compact 
space X is (hereditarily) supercompact. 

Now assume that a separable scattered space X is a continuous image of a supercompact space and 
X has countable scattered height or [A] <w has countable tightness. 

We shall consider two cases separately. First assume that the space [A] <t<; has countable tightness. 
In this case we can apply Theorem of van Mill and Mills [15] to conclude that the separable space X 
if first countable. By [20j , the first countable compact scattered space X is metrizable. 

Now assume that the scattered space X has countable scattered height a. By transfinite induction 
we shall prove that for each countable ordinal (3 < a the set X \ X^ is countable. This is trivial for 
(3 = and follows from the separability of X for (3 = 1. Assume that for some non-zero ordinal (3 < a 
we have proved that the set X \ A^) is countable for all ordinals 7 < (3. If (3 is a limit ordinal, then 

x \ = \J x \ 

7</3 

is countable as the countable union of countable sets. 

Now assume that (3 = 7 + 1 is a successor ordinal. By the inductive assumption, the set X \ A^) 
is countable. Since the space X is a continuous image of a supercompact space, and U = X \ X^) is 
an open dense countable subset of X, we get < nw{U) < \U\ according to Bell's Theorem E3 

This implies that the set A^ \ X^ of isolated points of the scattered space X^" is countable and 
hence the set X \ X^ = (X \ A^) U (X^ \ X^>) is countable, which completes the inductive step. 

At the final a-th step of induction, we get that the space X \ A(°) = X \ = X is countable. Being 
a compact countable space, X is metrizable. □ 

Proposition 12.161 implies another metrization criterion of scattered compact spaces. 

Corollary 2.17. A scattered compact space X is metrizable if and only if X is a continuous image of 
a supercompact space and all finite powers X n , n € u, of X are hereditarily separable. 

Proof. The "only if" part follows the supercompactness of compact metrizable spaces. To prove the 
"if" part, assume that a compact scattered space A is a continuous image of a supercompact space 
and each finite power A n , n € uj, of X is hereditarily separable. Then the space X is separable and the 
space [A] <aJ is hereditarily separable, being the continuous image of the topological sum © nGw X n of 
hereditarily separable spaces A n , n € uj. Being hereditarily separable, the space [A] <w has countable 
tightness. By Theorem 12. 16} the scattered compact space X is metrizable. □ 

Now we describe another construction preserving hereditarily supercompact spaces. 

Proposition 2.18. A compact topological space X is (hereditarily) supercompact if X contains a 
closed subspace Z C A such that 

(1) Z is (hereditarily) supercompact; 

(2) X \ Z is discrete; 

(3) Z is a retract in A. 
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Proof. It suffices to prove that a closed subspace Y of X is supercompact provided the intersection 
Y n Z is supercompact. By Theorem 12.21 the supercompact space Y n Z possesses a binary closed 
/c-network /C. By our assumption, there is a retraction r: X — > Z. The interested reader can check 
that the family 

K Y = {r-\K) n Y \ F : K G K, F G [X \ Z]<"} U {{y} : y G Y \ Z} 
is a binary closed ^-network witnessing the supercompactness of the space Y. □ 

Remark 2.19. The last condition is essential in Proposition ^. 181 Indeed, take any separable scattered 
compact space X whose set X' of non-isolated points is uncountable and has a unique non-isolated 
point. By Proposition 12.101 the space X' is supercompact, being the one-point compactification of a 
discrete space. On the other hand, the scattered space X has finite scattered height, is separable and 
non-metrizable. By Proposition 12.16] X is not supercompact. 

3. The hereditary supercompactness of spaces K x aD 

In this section we study the problem of hereditary supercompactness of products K x aD where K 
is a metrizable compact space K and aD = {oo} U D is the one-point compactification of a discrete 
space D. Here oo ^ D is the compactifying point of aD. The topology of the space aD consists of 
all subsets U C aD such that either oo ^ U or a \ U is finite. So, for a finite D the space aD also is 
finite and has cardinality \aD\ = \D\ + 1. 

By Theorem 12.41 and Corollary 12.111 the spaces K and aD both are hereditarily supercompact. 
Moreover, the spaces K, aD belong to many important classes of compact Hausdorff spaces. In 
particular, they are (uniform) Eberlein and Rosenthal compact. 

Let us recall that a compact space X is called 

• (uniform) Eberlein compact if X embeds into a (Hilbert) Banach space endowed with the weak 
topology; 

• Rosenthal compact if X embeds into the space B\ (P) C M. p of functions of the first Baire class 
on a Polish space P. 

It is clear (and well-known) that the classes of (uniform) Eberlein compact and Rosenthal compact 
spaces are closed with respect to taking closed subspaces and countable products. Any Rosenthal 
compact space K has cardinality \K\ < c not less than the cardinality of continuum c. The following 
proposition is easy (and well-known) and is written in sake of references in the subsequent text. 

Proposition 3.1. For any compact metrizable space K and any discrete space D of cardinality \D\ < c, 
the space K x aD is uniform Eberlein compact and Rosenthal compact. Consequently, each closed 
subspace X C K x aD is uniform Eberlein and Rosenthal compact. 

Now we establish some less obvious properties of closed subspaces of products K x aD. 
We shall say that an indexed family {-X"j}j e £> of subsets of a space K is 

• point- countable if for each point x G K the set {i G D : x G Xi} is at most countable; 

• nwd- countable if for each nowhere dense subset F C K the family {i G D : Xi n F ^ 0} is at 
most countable; 

• weakly nwd- countable if for each closed nowhere dense subset F C K the set {i G D : Xi n F is 
not open in Xi} is at most countable; 

These notions relate as follows: 

point-countable <£= nwd-countable =>■ weakly nwd-countable. 

For a closed subset X C K x aD and a point i G aD let Xi = {x G K: (x,i) G X} be the i-th 
section of the set X. It is clear that X = {J i&aD Xi x {i}. 

Proposition 3.2. Let K be a compact metrizable space and aD be the one-point compactification of 
a discrete space D. A closed subspace X C K x aD is first countable if and only if the indexed family 
{Xi : i G D} is point- countable. 
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Proof. If the family {Aj : i G D} is not point countable, then for some point x £ K the set E = {i G 
D : x G Aj} is uncountable. In this case X contains the space {x} x aF and hence cannot be first 
countable. 

Now assume that the family {Aj : i G D} is point countable. We need to show that the space X 
is first countable at each point (x, i) G X. This is clear if i ^ oo. So, we assume that i = oo. By 
our assumption the set E = {i G D : x G Xi} is at most countable. Fix a countable base £>£ of open 
neighborhoods of the point x in the metrizable space K and observe that the singleton 

{x}= □ H Bx(aZA{e}) 

eeEBeB x 

is a G<j-set in X. By the compactness of X, the space X is first countable at x. □ 

Theorem 3.3. For a closed subspace X of the product K x aD of a metrizable compact space K and 
the one-point compactification aD of a discrete space D, the following conditions are equivalent: 

(1) X is hereditarily paracompact; 

(2) X is hereditarily normal; 

(3) the indexed family {Xi : i G D} is weakly nwd- countable. 

Proof. The implication (1)=>(2) is obvious. 

(2) (3) Assume that X is hereditarily normal but the family {Xi : i G D} is not weakly nwd- 
countable. In this case we can find a closed nowhere subset F C K such that the set {i G D : Xi n 
F is not open in Xi} is uncountable. We claim that the open subspace Y = X \ (F x {oo}) of X is 
not normal. Indeed, consider the disjoint closed subsets Y n ((K \ F) x {oo}) and F fl (F x J)) in 
the space Y. Assuming that the space Y is normal, we would find disjoint open sets U, V C Y such 
that Y (~l ((K \ F) x {oo}) C f7 and Y fl (F x D) C V. Using the Lindelof property of the metrizable 
separable space Y n ((K \ F) x {oo}) C £7, we can find a subset D C D with at most countable 
complement D\D such that Y n ((K \ F) x D) c f/. By the choice of F, there is a point i £ D such 
that the set n -F is not open in Aj. Since the set V Pi (Aj x {?}) is an open neighborhood of the 
non-open set Y fl (F D {i}) = (Aj n F) x {i} in A, x {i}, there is a point (x, i) £ V D ((Aj \ F) x {i}). 
Then (x, i) G Y n ((K \F) x D) C U, which is not possible as V and U are disjoint. 

(3) (1) Assuming that the indexed family {Aj : i G D} is weakly nwd-countable in K, we shall 
prove that the space A is hereditarily paracompact. This will follow as soon as we check that each open 
subspace U of A is paracompact. Given any open cover IA of U, we need to construct a locally finite 
open cover V of U refining the cover U. For every i G aD consider the section Ui = {x G K : (x, i) G U} 
of the set U. It follows that the set C/qo is open in the section Aoo = {x G K : (x, oo) G A} of A. So, 
its boundary dUoo in A^ is nowhere dense in K. The weak nwd-countability of the family {Aj}j £ £> 
implies that the set E^ = {i G D : Xi n 9f7oo is not open in Aj} is at most countable. 

By the definition of the set F^, for every index i G D\ Eoo the set Aj n dUoo is open in Aj and 
hence the set Ui \ is open in Ui. By the paracompactness of the metrizable space Ui \ Uoo, we can 
find a locally finite open cover Ui of (Ui \ Uoo) x {*} = U^i inscribed into the cover U. 

Being locally compact and cr-compact, the set U^ can be written as the countable union U^ = 
Une w °f open subsets such that V\ = and for every n G u the closure cl V n of V n in C/qo is compact 
and lies in the set V n+ \. For every n G oo choose a finite family V n of open subsets of U such that 

(cl Y„ +1 \ V n -{) x {oo} C UVn C (V n+2 \ cl Y„_ 2 ) x aD 

and the family V n is inscribed into the cover U. Using the compactness of cl V n+ \ \ V n -\ we can find 
a finite subset E n C D such that U n ((cl V n+ \ \ V n -\) x (aD \ E n )) C \jV n . Replacing each set E n 
by a larger finite set, if necessary, we can assume that F n _i C E n and E^ C Unew Since V± = 0, 
we can put Fo = 0. 

For every n G w, by the paracompactness of the open metrizable subspace M n = U fl ((A \ cl U„) x 
(F n+ i \ F n )) of F, there is a locally finite open cover W„ of M n = UW„ refining the cover U. The 
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interested reader can check that the family 

V = |J Ik U (J (V„ U W n ) 

is a locally finite open cover of U refining the cover IA and witnessing that the space U is paracompact. 

□ 

Next we study the supercompactness of closed subspaces X C K x aD. 

Proposition 3.4. Let K be a compact metrizable space and aD = {00} U D be the one-point com- 
pactification of a discrete space D. A closed subspace X C K x aD is supercompact if the subspace 
Xqo = {x (z K : (x, 00) G X} is zero-dimensional. 

Proof. Fix a metric d generating the topology of K. Multiplying the metric d by a suitable positive 
constant, we can assume that di&m(K,d) < 1. Let Wo = {K}. Using the zero-dimensionality of the 
space Xqo, by induction for every n G w we can construct a finite disjoint family Z3 n of closed subsets 
of K such that 

(1) ^cUfl^Mfl); 

(2) each set B G B n has diameter diam(S) < 2~ n ; 

(3) the family £? n refines the family {Int(-B) : B G B n _i}; 

(4) for each set B £ B n the intersection n is a non-empty closed-and-open subset of X^ . 

For every n G u consider the set D n = {i G D : X$ C |J B n } and observe that the complement D \ D n 
is finite and D n +i C D n for all n G cj. For every index z G D n \ -Dn+i the compact metrizable space 
Xi is supercompact and hence possesses a binary closed fc- network /Cj. Replacing /C, by its subfamily 
{if G /Q : 3B £ B n K C B} we can assume that the family /Q refines the family B n . 
The reader can check that the family 

K = {X n [B x aE) : n G w, BeB„, E C D n and |£> \ E| < oo}u 

U {ET x {i} : n G w, iGD n \D n+ i, K G /C^ju 

U {X n (5 x {*}) : B G |J B nj i G f| Z? n } 

is a binary closed A;- network for the space X witnessing that this space is supercompact. □ 

Corollary 3.5. For each zero- dimensional compact metrizable space K and each discrete space D the 
product K x aD is hereditarily supercompact. 

If the space K is infinite and D is uncountable, then the product K x aD is not monotonically 
normal [13] . So, the class of hereditarily supercompact spaces is wider than the class of monotonically 
normal compact spaces. 

The zero-dimensionality of the space K is essential in Corollary 13.51 We shall show that for the 
closed interval I = [0, 1] and any discrete space D of cardinality \D\ > non(TW) the product I x aD is 
not hereditarily supercompact. 

We shall need some information on the hyperspaces of compact metrizable spaces. For a compact 
space K its hyperspace exp(iT) is the space of all non-empty closed subsets of K endowed with the 
Vietoris topology. If the topology of the space K is generated by a metric d, then the Vietoris topology 
of the hyperspace exp(i<C ) is generated by the Hausdorff metric 

dff(A, B) = maxjsup d(a, B), max d(b, A)}, A, B G exp(K). 

aeA b <^ B 

Let us recall that a subset A of a topological space X is called 

• meager in X if it can be written as a countable union A = U n gcj ^ n °^ nowhere dense subsets 
of .V: 

• Baire in X if for each non-empty open subset V C X the set A n V is not meager in V . 
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It is well-known that for each non-meager subset B in a Polish space X there is a non-empty open 
subset U C X such that the intersection U H B is a dense Baire subspace in {/. 

We recall that for a closed subset X C K x aD and a point i G aD by Xi = {x G X : (x, i) G X} 
we denote the i-th. section of X. 

Theorem 3.6. Let XCIx aD be a closed subset of the product of the closed unit interval I = [0, 1] and 
the one-point compactification aD = {oo} U D of a discrete space D. If the space X is supercompact, 
then the subspace X = {Xi : i G D} is meager in the hyperspace exp(I). 

Proof. Assume conversely that the subspace X = {Xi : i G D} is not meager in exp(I). By Theorem l2.2l 
the supercompact space X possesses a binary closed /c-network K,. For each point i G D the section 
Xi x {i} = Xfl(Ix {i}) is closed-and-open in X. Since /C is a /c-network, there exists a finite subfamily 
K>i C K, such that Xi x {i} = (J /Cj. It follows that some set Ki G /Q has non-empty interior in X{ x {i}. 
So, we can find two rational numbers a, < bi in I such that ^ bi) n Xj) x {?} C ITj. 
For any rational numbers a < b in I, consider the subset 

D a ,b = {i £ D : (ai, bi) = (a, b)} 

and observe that 

D = {J{D aib :a<b, a,b GlDQ}. 

Since the space X = {Xi : i G D} is not meager in exp(I), for some rational numbers a < b in I the 
space X a f) = {Xi : i G D a h} is not meager in exp(I). Consequently, for some non-empty open set 
U C expo(I) the intersection X a ^ (1W is a dense Baire subspace in U. 

Choose a set Co G X a ^ r\U, a point c G (a, 6) n Co and e > such that (c — e, c + e) C (a, 6) and the 
open set IA contains the e-ball 

B e (C ) = {C G exp(I) : d H (C,C ) < e} C exp(I) 

centered in Co- It follows that X a ^ n B e (Co) is a dense Baire subspace in the ball B e (Co). Let 
D £ = {i G D ajb : Xi G B e (C )} and observe that {Xi : i £ D e } = X af) V\ B e (C ). It follows that 

(c, oo) G C x {oo} G cl({Xj x {i} : i G D £ } C X. 

By Lemma 12.11 the /c-network /C contains a finite subfamily J 7 C JC such that 

(c, oo) G Int(U-T) C|JJCIn((c- e/2, c + e/2) x aD) 

and (c, oo) G cl(Int(F)) for every F G J 7 . 

For every F £ J- and a real number /u G [c — e/2, c + e/2] consider the subfamily 

D F ,» = {ieD £ :Fn(X t x {{}) <l \p, 1] x aD}. 

It follows from F C (c — e/2, c + e/2) x aD that D F c _ £ / 2 = 0, so it is legal to consider the real number 

fiF = sup{// G [c — e/2, c + e/2] : Di?^ is finite}. 

It follows that the set Dp^ F is at most countable and (/ip,oo) G cl (Uie_D e -^*) — 
Choose a positive number 5 < e/2 such that 

5 < - min { \x - y\ : x, y G {fi F ■ F G J 7 }, x ^ y} 

and (c, oo) eln((c-{,c|i5)x aD c ) C Int(|J F) for some set D c C D with finite complement D\D C . 

For every F G J 7 consider the point (/i_p, oo) G X and its open neighborhood ?7f = -X" H (G^f — 
5, up + 5) x aD). Since J 7 is a /c-network, there is a finite subfamily ICf C K, such that 

(/i F ,oo) G Int((J/C F ) C (J/C F C C7> and Of, oo) G cl(Int(i<Q) C K 

for each /<" G /Cf- Since oo) G Int(|J ICf), we can find a positive real number dp < 5 and a subset 
Djr c D with finite complement D \ Df such that X n ((/Af — 5f,^f + <5f) x oDf) Q Int(|J /Cf)- 
It follows that the set 

D' = (D\ D c ) u{J(D\D F )U Dp,fx F 
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is at most countable. Taking into account that {Xj : i € D £ } = X a ;,nB e (Co) is a dense Baire subspace 
of the Polish space B £ (Co), we conclude that the set {Xi : i € D e \ D'} is dense in the e-ball B £ (Co). 
Choose a closed subset C C I such that 

(1) d H (C,C ) <e; 

(2) C n (c - 6, c + S) ^ 0; 

(3) C n (hf - 5 F ,n F ) + for each FeJ; 

(4) C n [fi F ,fi F + 8 F } = $ for each F € T. 

The choice of the set C is possible since c € Co and {^f : F € J 7 } C [c — e/2, c + e/2]. Since the set 
{Xi : i £ D £ \ D'} is dense in B £ (Co), we can additionally assume that C = Xi for some i £ D e \ D' . 
The definition of the set D' ^ i guarantees that i € D c U {J F&:F Dp. 

The choice of the set C = Xi guarantees that the intersection Xi n (c — 5, c + 5) contains some point 
c'. Then (c', £lfl((c-(S,c+(S) x £> c ) C Int(U T) C (J J" implies that (c', i) & F for some FeJ. 
Taking into account that i ^ D F ^ F , we conclude that (c',i) £ Ffl (Xj x {i}) C [/iF, 1] x {i}. The 
choice of the set C = Xi guarantees that the intersection Xi P (fi F ,fi — $f) contains some point c F 
while the intersection Xi P [fi F , fJ-F + S F ) is empty. Then 

(c F) ») £ln {(p-f ~ 8 f ,Vf + <*f) x £>f) C Int(U/C F ) c y/c F 

implies that (c F ,i) £ for some K € /Cp C J 7 . 

We claim that the subfamily C = {Ki, K F , F} C /C is linked but has empty intersection. We recall 
that Ki is a set from the fe-network K, such that ((a, b) P Xj) x {z} C C Xj x {f}. Observe that 

• FPiK F 3 (p, F ,oo), 

• KiDF^ ((Xi n (a, 6)) x {i}) n F 3 (c',i), and 

• KiHKp^ ((XiD(a,b)) x {*}) PK F 3 (c F ,i), 
so the family C is linked. 

On the other hand, taking into account that FP(Xi x {{]) C [fi F , 1) x {«} and XiP[fi F , /ip+Sp) = 0, 
we conclude that the intersection 

K F Pi F Pi Ki C ((fip - 5 F , fi F + 5 F ) x olD) nFn(X,x {i}) C 

c ((/i_p - <5f, mf + <5f) n [fiF j i] n x^ x {i} = 

= ([^p^ F + 5 F )PX, i ) x{i} = 0x{i} = 

is empty. Therefore, the /c-network IC is not binary as it contains a linked subfamily C with empty 
intersection. This contradiction completes the proof. □ 

4. Constructing non-meager nwd-countable families 

Theorems 13.31 and 13.61 suggest the following open problem. 

Problem 4.1. Under which conditions is there a (weakly) nwd-countable non-meager family C C 
exp(I) ? 

We shall construct such a family under the set-theoretic assumption cof(M) = ui\. Here eof(.M) 
stands for the cofinality of the ideal Ad of meager subsets of the real line. It is known that cof(.M) = c 
under Martin's Axiom but the strict inequality uj\ = cof(A4) < c is consistent with ZFC, see [2] or 
[3]. A Polish space X is called crowded if its has no isolated points. In this case it has cardinality c of 
continuum. 

Theorem 4.2. The hyperspace exp(X) of any crowded Polish space X contains: 

(1) a non-meager subfamily T of cardinality non(A4); 

(2) a non-meager nwd-countable subfamily T> of cardinality uj\ under assumption cof(A4) = uj\. 

Proof. 1. Let X be a crowded Polish space. Then its hyperspace exp(X) also is a crowded Polish 
space and hence it contains a dense topological copy G of the Baire space ui^. By the definition of 
the cardinal non(A4), there is a non-meager subset C C G of cardinality \C\ = non(A4). Since G is a 
dense Gs-set in exp(X), the set C is non-meager in exp(X). 
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2. Now assume that cof(.M) = uj\. Then the ideals of meager subsets of the spaces X and exp(X) 
both have cofinahty equal to uj\. So, we can fix a cofinal family {M a } QGtJl of meager i^-subsets in X 
and a cofinal family {A4 Q } a&Jl of meager subsets in the hyperspace exp(X). We lose no generality 
assuming that M a C Mp and M. a C M.p for all a < /3 < uj%. For each a £ uj consider the dense G^-set 
X\M a and its hyperspace exp(X\M a ), which is a dense G$-set in exp(X) and hence is not contained 
in the meager set Ad a . So, we can choose a compact set K a € exp(X \ M a ) \ A4 a . To finish the proof 
it remains to observe that the family V = {K a } aeuJl is non-meager in exp(X) and nwd-countable in 
X. ' □ 

It should be mentioned that the existence of an uncountable nwd-countable family in exp(X) cannot 
be proved in ZFC. By add(.M) we denote the smallest cardinality |^4| of a family A of meager subsets 
of R with non-meager union U*A. It is clear that uj\ < add(.M) < cof(.A/f) < c. Martin's Axiom 
implies that add(A4) = c, see [5] or [3]. 

Proposition 4.3. 7/add(A / l) > uj\, then each nwd-countable family C C exp(X) in the hyperspace of 
a crowded Polish space X is at most countable. 

Proof. Assume that some nwd-countable family C C exp(X) is uncountable. We loss no generality 
assuming that \C\ = u\. Since \C\ = uj\ < add(A / (), the union |JC is meager and hence is contained in 
a meager Fo-set A = \J n€uJ A n where each set A n , n E uj, is closed and nowhere dense in X. Since the 
set C = \J n£uj {C G C : C n A n ^ 0} is uncountable, for some n € uj the set {C € C : C D A n ± 0} is 
uncountable too. This means that C is not nwd-countable. □ 

We do not know if Proposition 14.31 can be generalized to weakly nwd-countable families. 

Problem 4.4. Is it consistent with ZFC that each weakly nwd-countable family C C exp(I) is count- 
able? 

5. Main Result 

In this section we combine the results proved in the preceding sections and obtain our main result: 

Theorem 5.1. The product I x aD of the closed interval [0, 1] and the one-point compactification aD 
of a discrete space D of cardinality \D\ > non(A4) contains a closed subspace X C I which has weight 
w(X) = non(A4) and is not supercompact. 

Proof. Let A" be a non-meager subset of exp(I) of cardinality non(A4). Fix a subset E C D of 
cardinality non(A / l) and enumerate the family X as X = {Xi : i E E}. Then X = I x {oo}U 
|J iG£ (Xj x {i}) is a closed subspace of I x aD of weight w((X) = non(A^), which is not supercompact 
according to Theorem 13.61 □ 

Theorem 5.2. Under cof (M) = uj\ the product I x aD of the closed interval [0, 1] and the one-point 
compactification aD of a discrete space D of cardinality \D\ > uj\ contains a closed subspace I CI 
which has weight w(X) = uj\, is first countable and hereditarily paracompact but not supercompact. 

Proof. By the Theorem 14.21 (2) there is a non- meager nwd-countable subset X C exp(I) of cardinality 
uj\. This set can be enumerated as X = {Xi : i E E} for some subset E C D of cardinality \E\ = uj\. 
By Theorem 13.61 the closed subspace X = I x {oo} U UieE^i x W) of I x aD is not supercompact. 
The nwd-countablity of X implies that X is both point-countable and weakly nwd-countable. Hence, 
by Proposition 13. 2[ the space X is first countable, and by Theorem 13.31 the space X is hereditarily 
paracompact. □ 

Combining Theorem 1 5 . 2 1 wit h Proposition 13.11 we get: 

Corollary 5.3. Under cof(.M) = uj\ there is a compact space X having the following properties: 

(1) X has weight w(X) = uj\; 

(2) X is uniform Eberlein compact; 

(3) X is Rosenthal compact; 
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(4) X is first countable; 

(5) X is hereditarily paracompact; 

(6) X is not supercompact. 

Problem 5.4. Does there exist a ZFC-example of a compact spaces with properties (l)-(6) of Corol- 
lary \M? 

It is known and easy to prove that for any supercompact spaces X, Y their product X x Y again is 
supercompact. Theorem 15.11 implies that in contrast to the supercompactness, the hereditary super- 
compactness is not productive. 

Corollary 5.5. The closed interval I and the one-point compactification aD = {oo} Li D of a discrete 
space of cardinality \D\ = non(A4) are hereditarily supercompact but their product [0, 1] x aD is not. 
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